Continuous, time-variant models


The linear, continuous-time, time-variant systems present their mathematical model description in the similar form of differential equation of Equation (1.1), but the coefficients � EINBETTEN Equation.2  ��� (� EINBETTEN Equation.2  ���) and � EINBETTEN Equation.2  ��� (� EINBETTEN Equation.2  ���) are time-depending. That is:


� EINBETTEN Equation.2  ���	(1.216)


where � EINBETTEN Equation.2  ��� represents the input signal and � EINBETTEN Equation.2  ��� means the output signal. The coefficients must be continuous functions in time if the following method of solving it is to be applied.


Solving of continuous time-varying models using the method of variation of parameters


The methods of solving linear differential equations presented in previous sections are simple procedures for obtaining general solution (homogeneous plus particular solution) for an n-order differential equation with constant coefficients (time-invariant models).


If the differential equation is linear, that is the left-hand side is a linear combination of the output and its derivatives but the coefficients are time-dependent (time-varying models), it is still possible to solve it by the method of variation of parameters. It is a general method for solving linear models, but the calculus is much more complicated and time-consuming.


The method will be presented by an example. Let us consider the second order linear differential equation with time-dependent coefficients:


� EINBETTEN Equation.2  ���.	(1.217)


We already know that the corresponding homogeneous differential equation:


� EINBETTEN Equation.2  ���	(1.218)


has a general solution of the form:


� EINBETTEN Equation.2  ���.	(1.219)


The method of variation of parameters consists in replacing � EINBETTEN Equation.2  ��� and � EINBETTEN Equation.2  ��� by the time-functions � EINBETTEN Equation.2  ��� and � EINBETTEN Equation.2  ��� to be determined so that the resulting function:


� EINBETTEN Equation.2  ���	(1.220)


to be a particular solution of the given differential equation.


By differentiating Equation (1.220) we obtain:


� EINBETTEN Equation.2  ���.	(1.221)


To determine the functions � EINBETTEN Equation.2  ���and� EINBETTEN Equation.2  ���, the requirement that � EINBETTEN Equation.2  ��� satisfies the original Equation (1.217) imposes only one condition. The second condition will be:


� EINBETTEN Equation.2  ���.	(1.222)


This reduces the expression for the time differential of particular solution to:


� EINBETTEN Equation.2  ���.	(1.223)


By differentiating Equation (1.223) we obtain:


� EINBETTEN Equation.2  ���.	(1.224)


Substituting Equation (1.220), Equation (1.223) and Equation (1.224) into Equation (1.216) and collecting terms containing � EINBETTEN Equation.2  ��� and terms containing � EINBETTEN Equation.2  ��� we obtain:


� EINBETTEN Equation.2  ���	(1.225)


Since� EINBETTEN Equation.2  ���and� EINBETTEN Equation.2  ��� are solutions of the homogeneous differential Equation (1.218), Equation (1.225) reduces to:


� EINBETTEN Equation.2  ���	(1.226)


Attaching to this Equation (1.222) we obtain a system of two linear algebraic equations for the unknown functions � EINBETTEN Equation.2  ��� and � EINBETTEN Equation.2  ���. The solution can be obtained easily by Cramer rule. The solutions are:


� EINBETTEN Equation.2  ���	(1.227)


where:


� EINBETTEN Equation.2  ���	(1.228)


is the Wronskian of � EINBETTEN Equation.2  ��� and � EINBETTEN Equation.2  ���. Clearly, � EINBETTEN Equation.2  ��� since � EINBETTEN Equation.2  ��� and � EINBETTEN Equation.2  ��� constitute a basis of solutions.


Integration of Equation (1.227) gives � EINBETTEN Equation.2  ��� and � EINBETTEN Equation.2  ���:


� EINBETTEN Equation.2  ���	(1.229)


Substituting these expressions into Equation (1.220), we obtain the desired solution:


� EINBETTEN Equation.2  ���	(1.230)


Note that if the constants of integration in Equation (1.230) are left arbitrary, then Equation (1.230) represents also the general solution of Equation (1.217).


The method can be generalised for higher order differential equations. As the order n increases so increases the calculation effort. It will be necessary to differentiate n-1 times the variable parameter homogeneous solution and to solve the resulting nth order Cramer’s linear system of equations.


Illustrative example:


Solve the differential equation:


� EINBETTEN Equation.2  ���,


Solution:


The method of undetermined coefficients cannot be applied. The homogeneous differential equation has the solution:


� EINBETTEN Equation.2  ���,


so, � EINBETTEN Equation.2  ��� constitute a basis of solutions. Their Wronskian is:


� EINBETTEN Equation.2  ���.


From Equation (1.230) we thus obtain the particular solution:


� EINBETTEN Equation.2  ���.


The corresponding general solution will be:


� EINBETTEN Equation.2  ���,


where � EINBETTEN Equation.2  ��� and � EINBETTEN Equation.2  ��� are integrating constants.


Discrete-time, time-variant models


The time-invariant discrete-time models are descripted by a difference equation of form of Equation (1.140) or of Equation (1.141). The continuous time-variant systems present their mathematical description as the differential Equation (1.216) that has time-variable coefficients. Discretizing in time such model means to discretize the time-functions of the coefficients, too. Using the notations from Equation (1.143) this will lead to the general form of the discrete-time time variant model.


� EINBETTEN Equation.2  ���	(1.231)


or


� EINBETTEN Equation.2  ���	(1.232)


Once the model is established, it is easy to solve it with a computer. As example, we express Equation (1.232) in a regressive computational form:


� EINBETTEN Equation.2  ���	(1.233)


Note that the coefficients a and b varies with the considered time sequence k. Note also, that Equation (1.233) is similar to Equation (1.143). The only difference will be in implementation on a computer, where the program loop must include also the sequence of computing the coefficients a and b.
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